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C'f'Ulii = C';"l +2cI'b 

[ (ac' ) ] =- 3BT a~l T +3BT+ cf, = Cam 

(36) 

C'l't22ii = 2c'l'!2 + C'l'23 

= -[ 3BT( a;~2)7' - 3B7' + Cf2 J = Cblll 

(37) 

C'f'2!2ii = cl~4 + 2Cr~6 

=-[3B7'(a;;t +3W+C44J = Cc'''. 

(38) 

Alternately, the expressions for Cam, Cb1ll 

and Cell! can be obtained directly from the 
effective elastic constants given earlier by 
taking the pressure delivatives and evaluating 
them at zero-pressure. Thus, we find 

Calli = - 3BT[ 1 + {aCt!} ] - cfl (36a) 
ap P=o 

To obtain the relation of the second pres­
sure derivatives of the elastic constants to 
partial contractions of the higher-order 
elastic constants, we start from equation (34). 
By taking the pressure derivatives of (iJCtkl 
/ ap)7' and ananging the result, 

(
iJZCtkl) I [ { (aBT) } 
----;)P2 7' = (3B7')2 qjkl 1 + 3 ap T 

+ {4+\~~T)1'}CVklm1ll+CV]klm"'''1l] (39) 

where C~GklllWl1tll are certain linear combina­
tions of the fourth-order elastic constants and 

( iJB"\ = __ I [c l' + 2C 7'J. 
iJP-) 7' 9B7' a b 

(40) 

Therefore, solving equation (39) for C'Ukl1nll11'l!' 

we find explicitly the followings: 

(42) 

C/"+ 2Cg'" = (6B1'- CaT - 2CbT) [I + (aa
C
; 4)7' ] 

+C -2C 11l+ (3B7')2 ~ = C 111 (
a

2
C ) 

44 c ap2 7' t: . 
(43) 

Or, from the effective elastic constants given 
by equations (22-24), we find that 

(4Ia) 

x [-1 + {iJCf2} J 
ap p=o 

+ (3BT)2{iJ
2

Cf2} 
ap2 p=o 

(42a) 

Thus, from equations (28- 31) and equations 
(41-43), we have 
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Cem = e'l'l44 + 2C'f155 + 4c1'255 + 2e'f266' (46) 

These are the primary experimental quantities 
that are resulting from the ultrasonic-pressure 
experiments at high pressures. 

5. SUMMARY AND CONCLUDING NOTES 

Summarizing the foregone sections, the 
followings may be stated: 

(i). Expressions for the effective elastic 
constants of a cubic crystal subjected to 
moderately high hydrostatic pressure are 
derived from the consideration of the rigorous 
stress-strain relation set by Murnaghan's 
theory of finite deformations, and these have 
been compared with the earlier work. Dis­
crepancies were found in the expressions of 
the effective second-order elastic constants 
C12 and (744' The expressions as ones presented 
here may be derived from the strain-energy 
density considerations, and this method may 
be used to distinguish the observed discre­
pancies. 

(ii). Expressions for the effective second­
order elastic constants are 

CIl-V = ell-v + C/T/ + C IIT/2 

where Cl and CII are certain linear combina­
tions of the second- and the higher-order 
elastic constants of crystal and T/ is the Lag­
rangian strain which depends upon pressure. 
The present expressions are distinguished from 
the expressions of Birch [1], Seeger and 
Buck [4], and Thurston[5] and others mainly 
by the appearance of the C 1/T/2 terms in the 
expressions of the effective elastic constants 
of cubic crystals. 

(iii). Ultrasonic effective second-order 
elastic constants at high hydrostatic pressures 

were derived and presented in terms of 
thermodynamically mixed higher-order elastic 
constants. The rigorous relationships between 
the pressure derivatives ofthe elastic constants 
and partial contractions of the higher-order 
elastic constants were presented also. And, 
then, the primary experimental quantities that 
may be resulting from the ultrasonic-pressure 
experiments have been identified in a useful 
form in terms of the thermodynamically mixed 
second-, third-, and fourth-order elastic 
constants of the crystal under the study. 

AcknowLedgements - Sincere appreciatIOn is expressed 
to Professor Gene Simmons for his support and interest 
shown in this work. An early stage of this work was done 
while the author was a Post-Doctoral Research Fellow 
at The Pennsylvania State University and was supported 
by the U.S. Office of Naval Research, Contract No. 
N onr-656(27). The work was completed at Massachusetts 
lnstitute of Technology and was supported by the 
National Aeronautics and Space Administration, Grant 
NGR-22-009-176, for which the author gratefully 
acknowledges. 

REFERENCES 

1. BIRCH F ., Phys. Rev. 71,809 (1947). 
2. MURNAGHAN F. D.,Am.J. Math . 59, 235 (1937); 

and also, Finite Deformation of an Elastic Solid 
Wil~y , New York (1951). 

3. BRUGGER K., Phys . Rev. 133, AI611 (1964). 
4. SEEGER A. and BUCK 0., Z. Naturf 15A, 1056 

(I 960). 
5. THURSTON R. N.,J. acoust. Soc. Am. 37, 348 

(1965). 
6. GHATE P. B., Phys. Status Solidi 14,325 (1966). 
7. BARSCH G. R., Phys. Status Solidi 19,129 (1967): 

see also the references cited by Barsch. 
8. See, for example, HUNTTNGTON H. B., Solid 

State Physics (Edited by Seitz F. and Turnbull D.), 
Vol. 7. Academic Press, New York (J958). 

9. THURSTON R. N., PhysicaL Acoustics (Edited by 
Mason W. P.), Vol. lA. Academic Press, New York 
(1964). 

10. LEIBFRIED G. and LUDWIG W., Solid State 
Physics (Edited by Seitz F. and TurnbuU D.), Vol. 12. 
Academic Press, N ew York (1961). 


